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Motivation



Problems for accurate electronic structure theory:

Cusp condition and hierarchy of methods and basis set size

Cusp condition:  lim
Tij —0

1.0
0.8 - /
0.6
=
0.4
0.2 1
0.0 T Y T 1
—1.0 —0.5 0.0 0.5 1.0

Non-differentiable behaviour
at electron coalescence =
large basis set expansion
necessary

) = 5uy=0)

rij

Method
Exact
FCI
MRCI
CISD
HF
MB VDZ VTZ *°° CBS

Basis set size

Hierarchy of methods and
basis set size = detrimental
scaling with number of
orbitals of more accurate
methods



Problems:

Exponential scaling of Full Configuration Interaction (FCI)

FCI = |¥) = )", ¢1 |Dr) = exact solution in a given basis set
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All possible excitations from HF
determinant

Number of possible states for given
number of electrons and orbitals

#orbitals  #electrons  #states
2 2 4
4 4 36
8 8 4900
12 12 ~8-10°
16 16 ~ 16 -10°
18 18 ~2-10°




Problems: Electronic Correlation <+ Multi-configurationality

( N 'a )
Weakly correlated systems: Strongly correlated systems:
e Near-equilibrium geometry e Transition metal systems,
molecules, large electronic gap non-equilibrium geometries,

. . . ited stat
e Single important electronic exciled states,

configuration e Multiple important electronic

e Well described in a effective, confhigurations

mean-field approach e Beyond mean-field:
multi-reference methods

e Hartree-Fock, DFT, PT work

well — Routine calculations = Problematic for many
for large systems possible approaches (PT, CC, ...)
\ J | J
= Idea:

Use a correlated wf. Ansatz to capture part of correlation

energy and increase compactness (“more single reference”) 3



Non-unitary Similarity
Transformations



Non-unitary Similarity Transformations

Describe the cusp condition and/or capture part of correlation
with a correlated wavefunction Ansatz:

|@) = e |®), with 7 =77

And instead of:
H|U) = E|T)

solve the similarity transformed (s.t.) problem:
(ef? ﬁfef) ©) =  |®) = E |®)

Baker-Campbell-Hausdorff (BCH) exp. to obtain s.t. Hamiltonian:

_ o . 1. .
H:e*THeT:H+[H7%]+§[[H,%],%]+...



The Similarity Transformed Hamiltonian

Consequences:

e Sim. transf. H is non-Hermitian ([H,7],...)
e 3-body interactions (and possibly higher order)

e Similarity transformation does not change spectrum
Questions:

1. Does the commutator series terminate or can it be
resummed?

2. Can the ST Hamiltonian be evaluated? (Do the 3-body
terms cause problems?)

3. Does the non-Hermiticity pose a problem? (lack of lower
bound for variational approaches)

4. What are the advantages?



Does the commutator series terminate or

can it be resummed?



Two Forms of Correlators

1. The Gutzwiller correlator:
Applied to the Hubbard model

f:JZniTnu / | J

J

= BCH exp. can be exactly resummed up to infinite order!

2. The Jastrow correlator:

Applied to ab-initio Hamiltonians

T(R) =) u(r,r;), with R={r,...ry},

i<j
= BCH expansion terminates at 2nd order! (More by Kai!)

Gutzwiller, PRL, 10, 159 (1963); Jastrow, Phys. Rev. 98, 1479 (1955). 6



Can H be evaluated and does the

non-Hermiticity pose a problem?



Other Approaches

Transcorrelated approach of Boys and Handy: optimize

Slater-Jastrow form, orbitals of a single det. and Jastrow parameters

|Wsn) =e" D[{¢}]

Problematic because on non-Hermitian nature of H

Variational quantum Monte Carlo: minimize variational energy,

by optimizing trial-wf. parameters (accuracy limited by trial-wf.)

(U |H|W7)

KR W) = e [¥)

Evyc = min

Explicitly correlated methods (R12/F12): use correlating
functions of the interelectronic distance to describe electronic cusp

[Up12) = (1 4+ AQ12f(r12)) [2rr) + Z |2
ijab 7



Our Approach:

Solve for right eigenvector of H by projection

We keep the orbitals and the Gutzwiller/Jastrow parameters
fixed and solve for the right eigenvector of non-Hermitian H

0y =e"|®) = H=e He
with an unchanged spectrum and

(@f| E = (@f|H, HI|of)=FE|f) and (2f|®f) =0

where |®) is expanded in a linear combination of SDs
|®8) = 3", ¢;i|D;) and |®f) is obtained as the right eigenvector
of H by a projective FCI calculation = FCIQMC



Similarity transformed FCIQMC



FCIQMC

e Projector method based on the imaginary-time Schrodinger

equation, stochastically sampling FCI wavefunction:

9|t

_ _7 : —tH
e H|V) — |lIlo>o<tlig10e |D)

e First order Taylor expansion e AH ~ 1 AtH

leading to the working equation:

ci(t+ At) = [1 — AtHy) ¢i(t) — At Z Hijc;(t)

diagonal J#

off-diagonal

e Population dynamics of “walkers” simulate the working
equation.

Booth, Thom, and Alavi, JCP, 131, 054106 (2009) 9



Imaginary-time propagation with s.t. Hamiltonians

Why is the FCIQMC method applicable?

[B(B)) = PHENB(0) W) = Jim e PHIE w(0))

with  [¥(8)) = ¢ |8(6))
[B(8)) = PI=EB(0)) = |@0) = lim &A= [(0))
Proof:
e |©(8)) = [(B)) = e PI=F) g (0)) = e~ =F0) &7 |(0))
= |8(8)) = =7 e PH-F0) o7 |3(0))

~ lm e (1 - %(ﬁ - E0)> ¢ |®(0))
= lim e " <1 - E(I:I - EO)) et e 7 (1 - ﬁ(fl - EO)) ...e" |®(0))
m—>oo\:’ m \: m

10



Similarity transformed FCIQMC

FCIQMC readily applicable to solve for right eigenvector of

non-Hermitian H
Conditions:
e Respect non-Hermiticity of H: Hij #* I—ifﬂ
e Adapt algorithm to deal with higher order interactions
(3-body at most for now):

Implement spawning step for triple excitations

= efficiently possible due to stochastic nature of algorithm

11



What are the advantages?



A Virtuous Circle

Projective Multi-configurational methods (FCIQMC)
solve the problems of sim. transf. methods.

(namely the non-Hermiticity and 3-body nature
of the Hamiltonians)

Similarity Tranformations

solves the problems of multi-configurational methods.
(namely accounting for dynamical correlation,
describe the cusp behaviour and
compactifying CI solutions)



Gutzwiller Wavefunction Ansatz
for the Hubbard Model




High-T» Superconductors and the Hubbard Model

Mapping to an effective lattice model:

B oo
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Copper Planes

~

Copper Planes

Copper
@ Oxygen

YBCO The Hubbard Hamiltonian
®
e H=—t Z (c;[’gcjﬁ + h.c.) + UZ”M”%’J
(i,5),0 i
s
Cu-0-Cu Strong interaction = highly multiconfigurational

Hubbard, 1963; Kanamori, 1963; Gutzwiller; 1963; Anderson, 1987; Emery, 1987; Zhang and
Rice, 1988 Bednorz and Muller 1986 13



The Hubbard Model

H=_—t Z <c;r7gcj7a + h.c.) + Uannm
i

(i,3),0

HIGH TC SUPERCONDUCTORS

AFM1
ORDER
FERM)
T Liquip
RoT
A PSEVDO-
GAP
)

FERM]
LiQuip

RxT?

DOPING

Minimal model for itinerant electrons
High-T¢ superconductivity in cuprates

Rich phase diagram as function of
temperature, interaction strength and
doping

Anti-ferromagnetism, Mott
metal-insulator transition,
unconventional superconductivity, ...

14



Similarity Transformation based on the Gutzwiller Ansatz

e Suppress energetically unfavourable double occupancies via the
Gutzwiller Ansatz:

) = e |9), fzJwa d

J

e Perform an exact similarity transformation (ST) of the Hubbard
Hamiltonian H:

H|®) = | —t Z e~ am o€ +UZTLZTW¢ |P) = E|P)

(i,3),0 @

Gutzwiller, PRL 10, 159 (1963); Tsuneyuki, Prog. Theor. Phys. Supp., 176, 134 (2008);
Scuseria et al., PRB, 91, 041114 (2015) 15



For the Gutzwiller correlator applied to the Hubbard model the
BCH expansion does not terminate but can be resummed up to
infinite order, due to the idempotency of the number operator

Nijo = n/?g’
= H=—t Z aw o€ J(nje—niz) 4 UZWTTM
(i,j)0 i
Results in a renormalized hopping:

e t is reduced if two opposite spins are coming together
| —~_1

v I

e ¢ is enhanced if two opposite spins are comping apart

| 1 —

v

16



Additionally, the exponential e’ ("7="5) can be exactly
linearized, due to the idempotency of n;,:

>2m—1

(i = iz = Njo — Nig, and

2m
(njo - nia) = Njo + Njo — 2ni0'nj0'

leading to non-Hermitian H with up to 3-body interactions

= H—t Z aw o ~)njs + (677 —1)n;s — 2(cosh(J) — 1)nisnjs|
(i,4),0

Tsuneyuki, Prog. Theor. Phys. Supp., 176, 134 (2008); Scuseria et al., PRB, 91, 041114
(2015) 17



Hubbard model in momentum space

The Gutzwiller Ansatz is more suitable in the low to
intermediate U/t regime*, where a momentum space

representation is preferable for a stochastic sampling

With a plane-wave Ansatz

—ikr T

1
o= =S e,
k

the original Hubbard Hamiltonian in momentum-space is given
by

U i i
=t Z ko + 577 IM Z ‘p—k,0Cq+k,5p,cCp.o
pak,o

*Kaplan, Horsch, Fulde, PRL 49, 889 (1982); Metzner and Vollhardt, PRL 59, 121 (1987). 18



Similarity Transformed Hamiltonian in k-space

B T
_—té eknkg’—‘l_QM E Jli)7 pko-q+ko' Cq,6Cp,o
pak,o
cosh(J) -1 T t o
M2 § €p—k+k' Cp_k 5 Cq+k/,5Cs+k—k’,5%5,6Cq,6Cp,0
paskk’,o

+2t

with
w(J,p, k) =U — 2t [(e/ —1)ep_x + (677 —1)ep)

e For excitations removing electrons from
Fermi det. (p — p — k) U is reduced

e For the reverse process U is increased

= this leads to a right eigenvector dominated by the HF det.

even in the strong correlation regime

Dobrautz, Luo, and Alavi PRB 99, 075119 (2019) 19



Results obtained by projection on single det.

Similar to the optimization of coupled cluster amplitudes we want to
solve for the single parameter J by projection.

(@up|?T(H - E)|@ur) =0

M U/t ng Jopt Cow ey ey/€ex| %)
18 2 18 -0.27053 -1.32141 -1.31697 99.7
18 4 18  -0.52345 -0.95847 -0.92697 96.7
36 2 36 -0.28683 -1.20831 -1.19904 99.3
36 4 36 -0.55295 -0.87306 -0.81145 92.9
36 4 24 -0.52372 -1.18530 -1.16457 98.3
50 2 50 -0.28298 -1.22278 -1.21523 99.4
50 4 50  -0.54600 -0.87966 -0.82601 93.9
50 4 46  -0.55208 -0.99114 -0.95008 95.9
50 4 42 -0.54324 -1.08002 -1.04765 97.0
50 4 26 -0.51076 -1.11564 -1.09946 98.6 20




Results: Increased Compactness of Right Eigenvector

107 /,,-i—--.\_ e ED study on a 6-site chain:
R >

£ 0.8 /./' —mle Optimization of J based on a
S M ’ . .
o d 25 single det. with
~ 0.6 Jmaz 20

. %, \ —_ Cur
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- <(T — (7)) H>HF =0

0.4 : =

2.0

— %] ©® Euer obtained by minimizing
8% —2.5 — B the variance*
E EHF(Jopt) B B
g 30 Epar J min ((H — <H>)2>HF
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s & — — — — — b\ — — — — —
40 ! e Ey ¢ obtained by VMCT
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000 025 050 075 100 1.25 optimization of J

*S. Tsuneyuki, Prog. Theor. Phys. Supp., 176, 134 (2008), TP. L. Rios 21



Results: Increased Compactness - 18-site system

e FCIQMC able to solve

1.0 1
for left and right :
. 77 !
eigenvectors \@g/ ) 0.8 |
H()' = H(-J) g T
£ 0.6 P LSS
e More efficient sampling, 5 I
A ,
due to increased 0.4 I PO
P 2(L)
compactness I A
g 02 i ié— Imaz
e Applicable up | | b |
to—previously 0.0 0.2 0.54] 0.6 0.8
unreachable —lattice
sizes HF coefficient and L? norm within doubles of

\©§/L> vs. J. 18 e~ in 18 orbitals, U/t = 4

22



Results: Increased Compactness - 18-site system
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(left) Absolute errror of energy per site vs. excitation level truncation.
(right) L? norm contained in specific excitation levels relative to HF det.
for the half-filled 18-site Hubbard model at U/t = 4.
23



Results: Accelerated convergence - 18-site system

- J = 0.0 == 00.0
- J =-0.2 0-0.2
+ J=-025 == 0_0.25

|6J Aeez‘

| | | | | | | | | |
102 10* 10 10° 10 10° 10* 10° 10% 107
N, N,

Convergence of the absolute error vs. walker number N,, for the U/t = 2

(left) and U/t = 4 (right) half-filled 18-site Hubbard model. o



Results: Ground state energy of the 36 and 50 site lattice

Ground state energy of the orginal J = 0 and similarity transformed Jop¢
FCIQMC calculations compared to AFQMC reference results®. Energy in

units of ¢

M U/t ng E:ef AE;_g AEJ’)pt

36 4 24 -1.18525(4) 0.003247(97) 0.000039(45)
36 2 36 -1.208306(56) 0.000230(60) 0.000048(58)
36 4 36 -0.87306(56) 0.025480(64) 0.00045(61)
50 2 50 -1.22278(17) 0.00219(19) -0.00006(18)
50 4 50 -0.879660(20) 0.04565(17) -0.000997(80)
50 4 46 -0.9911420(86) 0.03564(24) 0.00058(18)
50 4 42 -1.079276(66) 0.02552(13) 0.00037(14)
50 4 26 -1.115640(20) 0.001766(36) -0.000262(24)

*Qin, Shi, and Zhang, PRB, 94, 085103 (2016); Sorella, PRB, 84, 241110 (2011) 25



Results: Apparent size-consistency 50-site system

e Excellent agreement
. —0.860 + J=-06
with reference results Full J — —0.6
up to interaction of © — AFQMC
= —0.865
U/t=4 z
2
e Applicable to & —0-870
problematic doped ;J;’
regime —isin 3
e Seemingly —0.880 —————
size-consistent T T T T T

0 2 4 6 8 10

Ntrunc

behaviour of truncated
CI calculations
Truncated CI of 50 e~ in 50 orbitals, U/t = 4

26



Summary and Outlook




Summary and Outlook

Gutzwiller factorization for the Hubbard model

e FExact similarity transformation based on the Gutzwiller Ansatz
= Induces novel 3-body interactions and non-Hermiticity

e FCIQMC is a good projective solver, can handle the 3-body
terms and non-Hermiticity efficiently
e Increased compactness of right eigenvector allows to study larger

lattices and interaction strengths

e Excellent agreement with reference results up to 50 sites and
U/t = 4, even off half-filling

Outlook:

e Sample left eigenvector (¥F| to obtain density matrices and
excited states

e Use more general density-density, doublon-holon correlators in a

real-space formulation 27



Thank you for your attention!



Optimization of Correlation Parameter

Similarity transformed Hamiltonian:

1
H(J)=- tz exNko + i Z w(J, p, k)c;r)fk’(rc:rﬁkﬁcqﬁcpyg
k,o

) pak,o
cosh(J) — 1 t '
T i .
+ 2t M2 E : €p—k+k €k 0Cq ik 5Cs+k—Kk/,565,5Cq,5Cp,0s
paskk’,o

WP = 5 ~t [ 1) i+ (77 1) ]

Optimization of J based on the HF state:



Excited States

Excited states of 14 e~ in 18 sites, U/t =4

(a) Eo (b) Ex (c) E»
- =00 W J=-03 < J=-05
== 00.0 0-0.3 == 0-05

T I T T T 1
107 10° 10* 10° 10 107 10® 10* 10° 10° 107

Shift energy remains good energy estimate even for excited states!
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